Abstract. We consider a new class of generating functions of the generalizations of Bernoulli and Euler polynomials in terms of (p, q)-integers. By making use of these generating functions, we derive (p, q)-generalizations of several old and new identities concerning Apostol-Bernoulli and Apostol-Euler polynomials. Finally, we define the (p, q)-generalization of Stirling polynomials of the second kind of order v, and provide a link between the (p, q)-generalization of Bernoulli polynomials of order v and the (p, q)-generalization of Stirling polynomials of the second kind of order v.
Introduction
Let N, N 0 , R, and C be the sets of natural numbers, nonnegative integers, real numbers, and complex numbers, respectively.
The (p, q)-analog of a number n is known as (see [2-4, 13]) [n] p,q := p n − q n p − q (p = q) , representing the relation [n] p,q = p n−1 [n] q/p , where [n] q/p is the q-number from q-calculus given by [n] q/p = ((q/p) n −1)/((q/p)−1). Using this obvious relation between the q-notation and its (p, q)-variant, most (if not all) of the (p, q)-results can be derived from the corresponding known q-results. In the case when p = 1, (p, q)-numbers reduce to q-numbers (cf. [9] ). In theory of operators, approximations, and other related fields, the (p, q)-variant has been investigated extensively by many mathematicians and also physicists (see [2] [3] [4] 13] ).
A few (p, q)-notations are listed below which will be used in this paper. The (p, q)-derivative of a function f (with respect to x) is given by with the (p, q)-binomial coefficients
and (p, q)-factorials
The (p, q)-exponential functions are defined by
under the condition e p,q (x)E p,q (−x) = 1.
(1.
3) It follows from (1.1) and (1.2) that D p,q e p,q (x) = e p,q (px) and D p,q E p,q (x) = E p,q (qx).
(
(1.5)
One can find these notations (together with all the details) in the references [2] , [3] , [4] , and [13] .
Apostol [1] introduced a class of the classical Bernoulli polynomials and numbers (called Apostol-Bernoulli polynomials and numbers), when he studied the Lipschitz-Lerch zeta functions and investigated some elementary properties of these polynomials and numbers. From Apostol's time to the present, Apostol type polynomials and several generalizations of them have been considered and discussed by many mathematicians, for example, by Luo [8] , Srivastava [14] , Tremblay et al. [15] , Mahmudov et al. [10] , and Duran et al. [2] .
The Apostol-Bernoulli and Apostol-Euler polynomials of order α ∈ C are defined by the generating functions (see [1, 6, 7, 8, 15] )
Upon setting λ = 1, the polynomials above reduce to the classical forms (cf. [11] ).
For m ∈ N and α ∈ C, the generalized Apostol type Bernoulli polynomials B [3, 6, 12] )
In the next section, we give a new class of generating functions of the (p, q)-generalizations of Bernoulli and Euler polynomials. We derive (p, q)-generalizations of several known identities concerning Apostol-Bernoulli and Apostol-Euler polynomials. Finally, we consider the (p, q)-generalization of Stirling polynomials of the second kind of order v whose classical form can be found in [11] , and then provide a link between the (p, q)-generalization of Bernoulli polynomials of order v and the (p, q)-generalization of Stirling polynomials of the second kind of order v.
On a (p,q)-analog of some polynomials
We begin with the following definition. 
Remark 1. The order α of the Apostol type (p, q)-polynomials in Definition 1 (and also in all analogous situations occuring elsewhere in this paper) is tacitly assumed to be a nonnegative integer except possibly in those cases in which the right-hand side of the generating functions (2.1) and (2.2) turns out to be a power series in z. Only in these latter cases, we can safely assume that α ∈ C.
In the case x = 0 and y = 0 in Definition 1, we get
(0, 0; λ : p, q) , which are termed, respectively, the n-th generalized Apostol type (p, q)-Bernoulli numbers of order α and the n-th generalized Apostol type (p, q)-Euler numbers of order α.
For α = 1 in Definition 1, we have
and
, which are called, respectively, the n-th generalized Apostol type (p, q)-Bernoulli polynomial and the n-th generalized Apostol type (p, q)-Euler polynomial.
Remark 2. Upon setting λ = 1 in Definition 1, we obtain the generalized (p, q)-Bernoulli and Euler polynomials of order α defined in [4] .
Remark 3. If we put m = λ = 1, then the polynomials in Definition 1 reduce to the known (p, q)-polynomials given in [3] .
In the following corollaries, we discuss some particular situations of Definition 1.
Corollary 1 (see [10] ). If we take p = 1 in Definition 1, then we get
(x, y; λ) are called the n-th generalized q-Apostol-Bernoulli polynomial of order α and the n-th generalized qApostol-Euler polynomial of order α, respectively.
Corollary 2 (see [6, 8, 12] ). When q = 1 and y = 0, the polynomials in Corollary 1 reduce to the polynomials in (1.6) and (1.7).
The following proposition follows from Definition 1.
Proposition 1. The following relations hold true:
Corollary 3. Setting y = 1 (or x = 1) in Proposition 1 yields
3)
4)
and 
Notice that formulae (2.3)-(2.6) are (p, q)-analogues of the following formulae in [6, 8, 12] :
Proof. The Claim follows from the property
We next provide the following relations.
Proposition 5. The following identities hold true:
Now we establish the following recurrence relationships.
Proposition 6. We have
Proof. By utilizing the idea of the proof in [9] and the formula
we arrive at the following:
Comparing the coefficients of z n on both sides, we obtain (2.7). The other equalities in this theorem can be proved similarly.
It follows from Definition 1 in the case α = 0 that
By combining Proposition 6 and Corollary 3 with (2.9) in the case α = 1, we acquire the following formulae for n ≥ m:
In the following theorem, we give some relations between the old and new (p, q)-polynomials given in Definition 1. Theorem 1. For n ∈ N 0 and x, y ∈ C, the following relations hold true:
where B n (x, y; λ : p, q) and E n (x, y; λ : p, q) are, respectively, the Apostol type (p, q)-Bernoulli polynomials and the Apostol type (p, q)-Euler polynomials defined in [2] .
Proof. The claim follows from Definition 1 by simple calculations.
New connections including B
[m−1,α] n (x, y; λ : p, q) and E
[m−1,α] n (x, y; λ : p, q), which derive from Definition 1 using the Cauchy product, are presented in the following two theorems. We state these theorems without proofs.
Theorem 2. For n ∈ N 0 , m ∈ N and x, y ∈ C, the following relations hold true:
Theorem 3. We have
From Proposition 1 and Theorem 3, we deduce the following corollary.
Corollary 4. The following relations hold true: 
